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Q-Learning for Off-Policy Evaluation in Two-Player Zero-Sum Markov Games

Kensui ABe!'®  Yusuke Kaneko!-?)

Abstract: Off-policy evaluation (OPE) is the problem of evaluating new policies using historical data obtained from
a different policy. In this study, we propose a novel Q-learning algorithm, called Best Response (BR) Q-learning, for
OPE in two-player zero-sum Markov games. BR Q-learning estimates the state-action value of the best response to
the given strategy. We prove that BR Q-learning converges the state-value of the best response with probability one.
Further, we propose the novel off-policy estimator for exploitability using BR Q-learning. Then, we show that the esti-
mated exploitability converges to the true exploitability with probability one. Finally, we demonstrate the effectiveness
and performance of BR Q-learning through experiments.
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Algorithm 1 Off-Policy Exploitability Estimation Method us-
ing BR Q-learning

1: Initialize Q value Q,1,02,1.
2: forr=1,---,T do
3: Observe state s;.
Select actions a} s a,z according to ﬂ’l’ ,ﬂg.
Receive reward r;.
75 (a?ls))
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9: &m@%%@ﬂ&%ﬂwﬂm,@rQM&a»
10: end for
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ARETIE, SR 23S B Bol SOSMifE 6;(x¢ ) % HEE
57200 QFEETINITY AL TH5, BR Q-learning %
%9 %. BR Q-learning I3, bt i3 2 REIFEIM
fit 07 (5,0) BT B Z LT, oy(n,) EHET B

JEIE T — 200 b Bl G & RS B 121, fTEIA R A0, 2
AR e, & R0 B, ARY T b 3 ]T’C@?—"?ﬁ%ﬁ?
ZEeWEEIIRS, IO ﬂ'}ii &t DA —HEMET 57
®1Z, BR Q-learning & importance weighting p;” = i)

7 (a7 1s0)
ZHOWTREBITEIMEOEH 2175, BARMIZIE, BRQ-

- 170 -



© 2020 Information Processing Society of Japan

The 25th Game Programming Workshop 2020

learning 1 7_;

WCHEHT 5.

(g B IRIEATEMTAE Q4 (sr.a)) ZIRD & S

Vit = pz (rl t +7max Ql t(st+l a))
Qi1 (s1,ap) = Qi(s1,ap) + a’i,t(stsar)(Yi,t - Qi,t(st,ai)). 6]

72720, ai(s,a)€[0,1) X 1B 5, K& s 178 a

X 2FEETHS. Algorithm 112, BR Q-learning %
FH\ 7=z exploitability HEEFiEE R T,

DAB#TI, BR Q-learning, 3 X U exploitability #E Tk
DOUGRMEZFEHT 5. 3, BR Q-learning (2 & - THH &
A 2 AR ABAT Bl 8 BE 250 0% B 30 7 PR RE A 7 B iff i B 2~ & DR
RiEE 52 5.

FE 1 UTFOLEMFEEZET S :

(1) REEZEM & TEIZEMA AR,

(2) ¥V (s,a) e SXA,;, > ais,a)= oo, Zta/iz’t(s,a) < oo, .

(3) V1, 1] < Rmax, 0 < p" <1,

DL E, TRTD (s,a) € SXA; \ZX LT, BR Q-learning
2 & o THH S N2 REITEMMMEEIEL Q;,(s,a) IZF0E IR

REATBIIEL Q7" (s, a) TR 1 TURHT B

Proof. %, MERBREOIKIZET 2T OEHM [5] %
AT 5.

TEHR 2. MEHRIBFE A1 (s) = (1 - ai(8)A(s) +Bi()Fi(s) B3EA

TOREZETZTLE, LI TONLNHT 5:

(1) RAEZER S DYHR,

(2)Vs €S, X,as) = oo,
0o, 3,BF(s) < co.

(3) V¥ seS, EIBi(9)lxi] < Elar(s)ly:].

(4) ye O, D)L T, IE[F(s)dllw < ylIAdlw.

(5) HBECPIEFIELT, VIF(s)y:] < CA+|Aw)>

(AL A1, F a1, Bt} % R

tETOERKEET S, £/, | lw 1XDHEZEAWICHTZEHE

AN E B KRG S IV L (weighed maximum norm) &3 5.

Ztazz(s) < oo, Bis) =

ZZT, =

FIMDT D Of(snal) = 01 " i(spa) L EHT B L, & (1)
BUTOLS ICEEHES :

Qirr1(s0,a) = (1 =, (51,a)) Qi (51,0l

+a,(sy, a;)P; (”t"‘?’maxQz ((S41, ll))

COXRDMAL S Qi(snal) 251 &, T 51T Ay(s,al) =
Qis(sial)— Qi (sp,al) LEHRT DL, UFNOREES :

A1 (s1,a)) = (1= (s, @) A (51, ab)
+ar(n) (o (1 ymax Q1 (511, - 0} (5.
Z I T,

Fils.a) = p; (ri+ymax 01,(5,a)) - 0 5.

L TEHT B Z T, BRQ-learning DFEHA (1) %, TH 212
BWT Bi(s,d") = as(s,a) & L= EDRHERBIE A, & LT
EBLZENTES, LA oT, UKTIE, BR Q-learning
12 & BREBATEIMME BRI O EFH AEH 2 DIE (4) B LT
(5) ZWi7z3Z L &R,

27, KE @) TH 2 |ELF(s.a)ldllw < yllAidlw &=
IELF (s, ab)l:lllw 2B T, BMFOES ICEBMTES ¢

ELF(s,a )]

ﬂii(a_ib“)
nlji(a—’]s)
=[E,,:_ [r, +7ymax Qi,t(s’,a)ls,a’] - Q;‘(s,ai)

:[E”h

—i

(r, +ymax Q,-,,(s’,a)) - Q:‘(s,ai)|s,ai}

=[Eﬂ5l_ [r, +ymax Q;,(s",a) — R(s, a',a™") +ymax Qi (s',a)ls, ai]
=y e [max 0i,(s’,a) —max Qi (s",a)ls, a’] .

-t a a
L7zh->T, A TFDAZES.

mZ?.X '[E[Ft(s’ ai)|/\/t]|

= ymax
at

Eﬁ.hmew@Q@—ﬂmeﬂVJM&aq
- a a

Y

<ymax e [
ai -i|l a

|oo'

< ymax|Qis(s,a) - Qi (s,a)| = y|Ais
s,at

D EUT, VIF(s,a)yi] < C(1+ A dlw)* %

7¢ (a”'ls)

R, pl=
El]1= [E,,:[~|s,ai] LELE, T ID :

 (alls)’
VIF(s,a )]

. \2 .
<E (p_’ (rﬁym;le,;,(s’,a))—Qf(s,a’)) |s,a’]

=, [(p_irt —[Eelr]
+y (p_im,flx Q[’,(s',ll) -L. [m;lx Q;(s,’a)]))z]
<E, [(Pfi”t - [Ee[r’])z]

+y2E, [(p—i max Qii(s',a)-E, [m‘?x Q;‘(s',a)])z]

|

. 2
g%ﬁm+famﬂmwQM&m—&thmu4”

|

+2ymax |p~'r = Eo[r/]|
s,a!

0~ maxQ,,(s ,a)— L, [maxQ (s, a)]

s'at

(max

+4yanM(nmx;anaxansca>—p‘ﬁnafowCa>
s’,a" a a

+4yNR max (max E, [max (s, a)] —p ' max Qi (s",a) ) .
ZZT, BEOARFROERIIMGE 3) 2V, 51T
RE 3) &b :

-171 -



© 2020 Information Processing Society of Japan

The 25th Game Programming Workshop 2020

V[F(s,a")y:]

8 2R2 . . 2
< Tmax 4 2, [(p‘ max Q;.(s',a) - E, [max Q?(S"a)]) ]

-y
8 2R2 . 2
< 771 max +'}’2[Ee [(p"main,t(S',a)—[Ee [maxQ;’(s',a)])]
-y a a

+4vanM(nmxff“naxthsﬁa)—p‘HnaXQ?@Ca)
s’al a a
+47772Rmax (n;l/a;lx 'Qi,t(s’»a) - Q;‘(S’»a)|) >

ﬁ&bjo.::f,muzwﬂhﬂqaﬁét,ﬁ%t
LT, BARAERD 3D :

YEe [(p"’ max 01(s,a) - E. | max Q?(S',a)])z]
=y’E. [(p’i max Qi,(s,a) —p~' max 0; (s”,a)
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s’a
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2E [(p_i max 0;(s',a) - E, [m;lx o; (s, a)])z}

2
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2
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s',a
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AR 1 IZEDWT, Algorithm 112 & - THEE X N7z ex-
ploitability %, EL® exploitability v*P(ry,m) IZUNHET 5 Z
EHEINTB.

%1 UFDO&RMEIRET S :

(1) REEZEM & TEIZEM A A R,

(2) Y (s,a) e SXA;, > ai(s,a) = oo, Z,a/iz’t(s,a) < oo, .
(3) V1,11l < Rmax,0<p; <1

ROAXNTER S NS exploitability D HETAE 9P (xS, 75) 1,
R 1 TP (my,mp) IZINERT 5

1 ¢ 1 ¢

SeXp e e\ _ 2 1
PP, n5) = — E max (s,a)+ E max s,qa).
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4. EBR

ARETIE, X[ IZTHWSNZR Y F 3 — 7 HET
& % repeated biased rock-paper-scissors (RBRPS) & <)L O
THyh—[8] 12 LB FEE%EHEL T, BR Q-learning D:HE
EHERT 5.

41 RYFI—UHRE

RBRPS &, /N1 T AN & U AVAT — 4 [12] 2850
OB UITI VY TNV ABEMT —LTHD. RiFET
&, F—2L%—EOHTD, DFDEVIEL LD RBRPS
% RBRPS1 &IFCF, —[alf§ 0 K3 RBRPS % RBRPS2 & I
. H 1 (a) IZ RBRPS2 1281 5 HI15475] & IREEER 25
xR, Kl =1 Tk, REFHIIEREDOU » AT A
7= b L AR TR D 2Rz, B =1 OFER
ZINZ, IROIRE L FBITFINRE S 5. RBRPS2 (&4
HTSHEOREBELES, SRENH 1 () 2B 2 &FEF
FlizEnZThd LT W5,

XNaATHy A=k, K1b)ICRT LI, 4x507
vy RETITONE—N—DY vy h—=r—LThH5s. Mt
WKBITBALBIEENENT LAYV 1E2%2KLTHED,
HHER =L EZRLTWSE, KFX—2 &Iz, £7L1
YIZBET 2L OWTAICED D, TOBICEE LN
BEINTZZeNTESL. LAY 1L 2DFHIEEX—
VLT VR LRIERTEFINS., WINLDO T LA
YOO TV A YT TILHIET SR MIBELELS L
72358, A—VOMAHEZEVIZTTIZWET LT VIZK
s, ZoeE, 7L AYOMEIRE(LLZY., K-
NEF>TVWBE T LI YRIT— (FL1¥ 1idkiL10
TR I5086, LAY 26 X311 0F) 2F
HEUEGE, T—LPKTTE. ZoeE, I-)VZHE
U727 LA VIR +1 220000, T 7L A v IZHmm
-1 2%ZJES. LAY ER—ILDMEIXK 1 () IZRT
NMEBFRTHUHIEI NS,

4.2 EBRFIE

ETDERIZBWT, %9 Minimax-Q learning[8] %\
T RRERGET a7 74V ng 2F8T 5. o
T, ng #EIZUTHB AR T 7 7 A 70 L3R 7
BT 7 A)lVn 2EHET L. TO%, o POSERET 2D
YTV T ETY, TNEEIZ BR Q-learning DEE, T
B ¢ O exploitability DHEE Z 1T 5.

4.3 tEBFE

Algorithm 1 (Z 3\ T importance weighting % FH\\ 72\,
TRDD v =rip+ymax, Q;i’"(s,“,a) & L7zFike ot
2175, REBRTIX, ZDOFiLE% Behavior Q-learning & I
. 7z, Behavior Q-learning (2B WM AR 70 7 7 1
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R P S R P S 1 2 3 2 5
R 0 -80/3 | 80/3 R 25 50
P 80/3 0 -80/3 25 0 5
R S S 6 7 8 9 10
N -80/3 | 80/3 0 N -50 5 0 B
R 0 1 1
P 1 0 ] N > S . - S 11 | 1z | 13 | 14 | 15
S ! ! Y R 0 -50 5 R 0 5 25 @
Step 1 16 17 18 19 20
P 50 0 -25 5 0 -50
S -5 25 0 -25 50 0
Step 2
() (b)
B 1 (a)Repeated biased rock-paper-scissors (281} 2 R 75 L REERE 25 7. R OWEHIT
BN o785, RN TRUZITIICER T 5. E5560h0 7V A YT —/
N—|F aFTHR L7856, FETHIETNT NG/ RROTHNEERTS. (b) YL
ATY Yy A—ICBTBHHEE.
T=1000 T=2500 T=5000

Behavior Q Evaluation Q BRQ

& 2
W5,

T=1000

Behavior Q Evaluation Q

B3
W5,

Von¢ 05 DIBIET — X & F\W T3 5 Fi% Evaluation
Q-learning & I3, Evaluation Q-learning i #¢{ffi /5% 7" 1
T7 AN nt Ir6DY YT V7 %17 D 728, BR Q-learning
X Behavior Q-learning & 0 & AR LFETH 5 T LITHER
TNz,

44 ERER
4.4.1 Repeated biased rock-paper-scissors

RBRPS1 & RBRPS2 2812 EETIX, T8 AHK T 1
77 ANV%E 7t =0.8n]+0.27" & 75 =0.4r5 +0.6n7 12, Al
FET 0T 7 AV % n§ =027 +0.87" & 7§ =0.279 +0.87"
IZRE LT, 22T, o' iR 1 T — %I HRE, 7

Behavior Q

T=2500

Behavior Q

*

Evaluation Q Behavior Q Evaluation Q

RBRPS1 (Z81) % exploitability D#EEFEE (RMSE). TJ — N— 3EHEHELRL T

T=5000

Behavior Q Evaluation Q

Evaluation Q

RBRPS2 (281} % exploitability D#EEFL%E (RMSE). TF7 —/N— 3fEHEHEAEEZRL T

TR 1 TR—RINTAHEERLTWS. BET—XDY
Y TNVET 1 T €{1000,2500,5000} ¥ L, ZNFNDOERT
(R LT 100 AT 9O RBRE T o 2.

2, 312, BFEIHETE L 7= exploitability & H D ex-
ploitability v*P(rr§, 7§) D root-mean-squared error (RMSE) %
RY. FEIZBVWTIT I — N — IR EER LTV 5.
BR Q-learning & Behavior Q-learning & HL# LU T KIFIZ K
WHEEEZZER L TWB Z b b, /-, FHlis
KTBT 74N ¢ S DEET — X % A\ % Evaluation
Q-learning £ 0 £ LT DIERNHEEREZZHR L TWD Z
CEHMERTE S, ZhiE, 7 D ab LU TIRENRTE
BSE % 175 7212, Evaluation Q-learning H3RFE DR &

-173 -



© 2020 Information Processing Society of Japan

The 25th Game Programming Workshop 2020

0.00

BRQ Behavior Q

Evaluation Q

4 <N IA 7YY A—IZHIF B exploitability DHEEGRA (RMSE).
ITT—N—IEHEFEER LT WD,

FENZK U CHR R EEMT A 52 Z DB TH S
tEZONS.
442 <NaAT7HvH—

RNVATH Y H—IZBIBEKRTIE, TEIAK T T 7
A V& 7b = 0279 +0.87" & b= 0579 +0.52 12, Al 55K
THT 7 ANE 2§ =04r]+0.6n0" & 7§ = 0.6 +0.4n" \Z 3
EUTz. BB, ' 1E—kkT v R EERERITS k%
RLTWS. BETFT—20OY > 7VET X T = 1,000,000
L, ThEThOFEIH LT 10T 2EBE T 72,
NI T Y v = TIEED exploitability 51 H 325 Z &
NREETHZ. 2T, nl &2 TNFho k% EE
U 72 E852x U T Q-learning 23 5 Z & Tl
exploitability Z & L, 7Ol & D% 5.

X 412, £FIED exploitability DHETE A% 7773. RBRPS
DEF & FIRkIZ, BR Q-laerning & Behavior Q-learning & b
EDRVHEEREZER L TWD I LD HRTE 5.

5. BHYIC

AR TIE, “ABRNLI 75— LITBIF 54 7 5%
T D 728 D Q-learning 7 )L 3V XL TdH % BR Q-laerning
ZFE Uz, £7z, BRQ-learning 2 & - THHF X N5 IRE
FTEMMAE RIS D IR RBAT BB B B R 1 T
IR B Z & &FBILZ. X 512, BR Q-learning % AT
#E5E X v7z exploitability 1, H O exploitability (ZfEH 1 T
IWHTZZ &R UK. F7z, EBRIZ X > T BR Q-learning
DOENMEZMA L7, SHOW5EE UT, BR Q-learning X
exploitability DHEEMEDWHEM PR Y — b &2 RT R ED
Ftnid 5.

SE 3

[1]  Kenshi Abe and Yusuke Kaneko. Off-policy exploitability-
evaluation and equilibrium-learning in two-player zero-sum
markov games. arXiv preprint arXiv:2007.02141, 2020.

[2]  Susan Athey and Stefan Wager. Efficient policy learning.

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

174 -

arXiv preprint arXiv:1702.02896, 2017.

Hirotaka Hachiya, Masashi Sugiyama, and Naonori Ueda.
Importance-weighted least-squares probabilistic classifier for
covariate shift adaptation with application to human activity
recognition. Neurocomputing, 80:93-101, 2012.

Assaf Hallak and Shie Mannor. Consistent on-line off-policy
evaluation. In ICML, pages 1372-1383, 2017.

Tommi Jaakkola, Michael I Jordan, and Satinder P Singh.
Convergence of stochastic iterative dynamic programming al-
gorithms. In NeurIPS, pages 703-710, 1994.

Nathan Kallus and Masatoshi Uehara. Intrinsically efficient,
stable, and bounded off-policy evaluation for reinforcement
learning. In NeurlPS, pages 3320-3329, 2019.

Toru Kitagawa and Aleksey Tetenov. Who should be
treated? empirical welfare maximization methods for treat-
ment choice. Econometrica, 86(2):591-616, 2018.

Michael L Littman. Markov games as a framework for
multi-agent reinforcement learning. In /CML, pages 157-
163. 1994.

Qiang Liu, Lihong Li, Ziyang Tang, and Dengyong Zhou.
Breaking the curse of horizon: Infinite-horizon off-policy es-
timation. In NeurIPS, pages 5356-5366, 2018.

Travis Mandel, Yun-En Liu, Sergey Levine, Emma Brunskill,
and Zoran Popovic. Offline policy evaluation across represen-
tations with applications to educational games. In AAMAS,
pages 1077-1084, 2014.

Susan A Murphy. Optimal dynamic treatment regimes. Jour-
nal of the Royal Statistical Society: Series B (Statistical
Methodology), 65(2):331-355, 2003.

Mohammad Shafiei Nathan Sturtevant Jonathan Schaeffer,
N Shafiei, et al. Comparing uct versus cfr in simultaneous
games. In IJCAI Workshop on General Game Playing.

Adith Swaminathan and Thorsten Joachims. Batch learn-
ing from logged bandit feedback through counterfactual
risk minimization. Journal of Machine Learning Research,
16(1):1731-1755, 2015.

Philip Thomas and Emma Brunskill. Data-efficient off-policy
policy evaluation for reinforcement learning. In ICML, pages
2139-2148, 2016.

Christopher JCH Watkins and Peter Dayan. Q-learning. Ma-
chine learning, 8(3-4):279-292, 1992.





